Hochschild cohomology of Hecke algebras  by Benson, David J. & Erdmann, Karin
Journal of Algebra 336 (2011) 391–394Contents lists available at ScienceDirect
Journal of Algebra
www.elsevier.com/locate/jalgebra
Hochschild cohomology of Hecke algebras✩
David J. Benson a,∗, Karin Erdmann b
a Institute of Mathematics, University of Aberdeen, Aberdeen AB24 3UE, UK
b Mathematical Institute, University of Oxford, Oxford OX1 3LB, UK
a r t i c l e i n f o a b s t r a c t
Article history:
Received 6 February 2011
Available online 15 April 2011






We compute the Hochschild cohomology HH∗(B) of an arbitrary
block B of the Hecke algebra H=H(n,q) of the symmetric group
Sn at a primitive th root of unity q, over a ﬁeld of characteristic
zero.
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1. Introduction
In this paper we compute the Hochschild cohomology of the Hecke algebra of the symmetric group
at a root of unity in characteristic zero. Most of the work is already in the literature, and this paper
really just puts the pieces together. This paper complements our paper [1] where we compute the Ext
ring of the trivial module for H.
Let H =H(n,q) be the Hecke algebra of the symmetric group Sn over a ﬁeld k of characteristic
zero and where q is a primitive th root of unity. This has generators T1, . . . , Tn−1 satisfying braid
relations together with the relations (Ti + 1)(Ti − q) = 0. We assume that  2.
In the smallest interesting case, namely n = , the principal block B0(H(,q)) is a Brauer tree
algebra for a tree which is a straight line with  vertices with no exceptional multiplicity. We write A
for this algebra.
Let w be a positive integer. Then there is a natural action of the symmetric group Sw on A⊗w ,
permuting the tensor multiplicands.
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weight w of such a block is the number of rim -hooks that need to be removed to reach the -core.
Our main theorem is as follows.
Theorem 1.1. Let B be a block ofH(n,q) of weight w. Then


















Here, the ﬁrst sum is indexed by a set of representatives g of the conjugacy classes of elements of Sw . The
second is indexed by partitions λ  w, and pi(λ) denotes the number of parts of λ of length i.
Remark 1.2. The Hochschild cohomology of Brauer tree algebras is computed in Holm [8], Erdmann
and Holm [5], so that HH∗(A) may be explicitly computed.
Remark 1.3. Elements are multiplied by a double coset formula described in Witherspoon [11, Theo-
rem 3.16].
Remark 1.4. This theorem should give a new and more explicit proof of the ﬁnite generation theo-
rem of Linckelmann [10] in the case of type An . Since Witherspoon’s formula for the multiplicative
structure is hard to use in practice, we do not give the details.
2. Quoted results
We quote the following results from the literature.
Theorem 2.1. (See Chuang and Rouquier [4, Theorem 7.12].) Let B1 be a block of H(n1,q) and B2 a block
of H(n2,q). Then B1 and B2 are derived equivalent if and only if they are Rickard equivalent, if and only if
they have the same weight.
The following is a version for Hecke algebras of the theorem of Chuang and Kessar [2] for sym-
metric groups. Rouquier blocks of weight w are by deﬁnition the blocks with the property that the
core, written in abacus notation, has at least w − 1 more beads on each runner that on the runner to
the left of it. The effect of this is that when w rim hooks are added, the different possible locations
are suﬃciently far apart that they behave as though they are independent of each other.
Theorem 2.2. (See Chuang and Miyachi [3, §5.3, Theorem 18].) Let B be a Rouquier block of H(n,q) of
weight w. Then B is Morita equivalent to A⊗w  kSw .
Theorem 2.3. Suppose that G is a ﬁnite group whose order is invertible in k, and suppose that G acts by algebra
automorphisms on a k-algebra S. Then the Hochschild cohomology of the algebra S kG is additively given by
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quence which computes the term Ext(CG (g))(S, Sg) appearing there collapses to HH
∗(S, Sg)CG (g)
because |CG(g)| is invertible in k. 
Note that Witherspoon [11], Theorem 3.16 gives the multiplicative structure of HH∗(S  kG) in
terms of this decomposition via a double coset formula. For our application, we want to take for S
the tensor product A⊗w and for G the symmetric group Sw .
In a paper of Etingof and Oblomkov [7], HH∗(A⊗w , A⊗w g)CG (g) is identiﬁed explicitly in terms of
the cycles of g . They ﬁrst describe the action of a single cycle.
Proposition 2.4. If g is the n-cycle (1 2 . . . n) and S = A⊗n then
HH∗(S, Sg) ∼= HH∗(A).
Furthermore, g acts trivially on HH∗(S, Sg).
Putting the pieces together, they obtain
Theorem 2.5 (Etingof and Oblomkov). The Hochschild cohomology of A⊗w Sw is given as follows. For each












Their discussion is in Hochschild homology and k = C, but Hochschild cohomology over ﬁelds of
characteristic zero works essentially the same way.
3. Proof of the theorem
Let B be a block of H(n,q) of weight w . Then there is a Rouquier block B ′ of some H(m,q)
with the same weight w , but for m possibly different from n. By Theorem 2.1, B and B ′ are derived
equivalent. A theorem of Keller [9] states that derived equivalent algebras have isomorphic Hochschild
cohomology rings. Therefore, we may assume without loss of generality that B is a Rouquier block
of H(n,q). By Theorem 2.2, it follows that the Hochschild cohomology of B is isomorphic to that of
A⊗w Sw . The Hochschild cohomology of this ring is computed using Theorems 2.3 and 2.5. This
gives the main theorem.
4. Examples
To illustrate the main theorem, we compute the case n = 4 and  = 2. That is, we compute
HH∗(B) where B is the block of H(4,−1) of weight two (in fact H(4,−1) only has one block, so
B = H(4,−1), but this is irrelevant to the argument). To do this, we must ﬁrst compute HH∗(A),
where A is the block of H(2,−1) of weight one. We have A ∼= k[t]/(t2), and so
HH∗(A) = k[t,u, v]/(t2, tu, tv,u2)
with |t| = 0, |u| = 1, |v| = 2. Thus
HH∗(A ⊗ A) = HH∗(A) ⊗ HH∗(A)
394 D.J. Benson, K. Erdmann / Journal of Algebra 336 (2011) 391–394has generators t1, t2, u1, u2, v1, v2 with the obvious set of relations. Taking invariants, we
get generators a = t1 + t2, b = u1 − u2, c = v1 + v2, d = u1v1 + u2v2, e = v1v2, and relations
(a3,b2,a2b,a2c,abc,a2d,ae). The Poincaré series for HH∗(A⊗2)S2 is
3+ 2t + 2t2 + 3t3 + 4t4 + 4t5 + 4t6 + 5t7 + 6t8 + 6t9 + 6t10 + 7t11 + · · · .
For the other piece, with g = (1 2), using Proposition 2.4 we get the Poincaré series of
HH∗(A⊗2, A⊗2g)S2 equal to that of HH∗(A):
2+ t + t2 + t3 + · · ·
so that the Poincaré series of HH∗(B) is
5+ 3t + 3t2 + 4t3 + 5t4 + 5t5 + 5t6 + 6t7 + 7t8 + 7t9 + 7t10 + 8t11 + · · · .
This gives the same answer as Erdmann and Schroll [6].
More generally, let n = 2. We can compute HH∗(A) where A is the block of H(,q) of weight
one, by [5] the dimension of HHr(A) is 1 for r  1 and =  for r = 0. Let B be the block of H(2,q)






, n = 0,
 + 2k + 2, n = 4k + 3,
 + 2k + 1, n = 4k + i  1, i = 0,1,2.
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